Abstract. Preliminaries of q-calculus for functions of two variables over finite rectangles in the plane are introduced. Some q-analogues of the famous Hermite-Hadamard inequality of functions of two variables defined on finite rectangles in plane are presented. A q 1 q 2 -Hölder inequality for functions of two variables over finite rectangles is also established to provide some quantum estimates of trapezoidal type inequality for functions of two variables whose q 1 q 2 -partial derivatives in absolute value with certain powers satisfy the criteria of convexity on co-ordinates.
Introduction
Quantum calculus or q-calculus is the study of calculus without limits. In the eighteenth century, Euler initiated the study q-calculus by introducing the q in Newton's work of infinite series. Many remarkable results such as Jacobi's triple product identity and the theory of q-hypergeometric functions were obtained in the nineteenth century. In early twentieth century, Jackson [7] has started a symmetric study of q-calculus and introduced q-definite integrals. The subject of quantum calculus has numerous applications in different areas of mathematics and physics such as number theory, combinatorics, orthogonal polynomials, basic hypergeometric functions, quantum theory, mechanics and in theory of relativity. This subject has received exceptional consideration by many researchers and hence it has appeared as an interdisciplinary subject between mathematics and physics. Interested readers are referred to [4, 5, 8] for some recent developments in the theory of quantum calculus and theory of inequalities in quantum calculus.
Theory of inequalities and theory of convex functions have been observed to be profoundly dependent on each other and consequently a vast literature on inequalities has been produced by a number of researchers by using convex functions, see [1, 2, 6] . The following result has been extensively studied during the past three decades which provides a necessary and sufficient condition for a function f : I ⊂ R → R to be convex on [a, b] , where a, b ∈ I with a < b
The inequalities in (1.1) are known as Hermite-Hadamard inequalities. Tariboon et al. [16, 18] introduced the concept of quantum derivatives and quantum integrals on finite intervals and developed various quantum analogues for Hölder inequality, Hermite-Hadamard inequality and Ostrowski inequality, Cauchy-BunyakovskySchwarz, Grüss, Grüss-Čebyšev and other integral inequalities using classical convexity. Most recently, Noor et al. [12, 13, 14] and Zhuang et al. [20] have contributed to the ongoing research and have developed some integral inequalities which provide quantum estimates for the right part of the quantum analogue of Hermite-Hadamard inequality through q-differentiable convex and q-differentiable quasi-convex functions. Motivated by the recent progress in the field quantum calculus, our aim is to further develop this theory for functions of two variables and to provide some quantum analogues of Hermite-Hadamard inequality of functions of two variables over finite rectangles. At the next step, we will also provide some quantum estimates for the right part of the q-analogue of Hermite-Hadamard inequality of functions of two variables by using convexity and quasi-convexity on co-ordinates of the absolute value of the q 1 q 2 -partial derivatives.
Preliminaries
In this section we recall some q-calculus essentials over finite intervals and introduce some results of quantum calculus over finite rectangles from the plane.
Let J = [a, b] ⊆ R be an interval and 0 < q < 1, q-derivative of a function f : J → R at a point x ∈ J is given in the following definition.
Definition 1. [16] Let f : J → R be a continuous function and let x ∈ J. Then q-derivative of f at x is defined by the expression
For more details on q-derivative given above by (2.2) , we refer the reader to [8] .
The following result is very important to evaluate q-derivative of monomials.
Lemma 1. [16]
Let α ∈ R and 0 < q < 1, we have
One can find further properties of q-derivatives in [19] . 
If a = 0 in (2.3), then we get the classical q-definite integral defined by (see [4] )
The following results hold about definite q-integrals.
The following is a valuable result to evaluate definite q-integrals of monomials.
Lemma 2. [16]
For α ∈ R\ {−1} and 0 < q < 1, the following formula holds:
We will also use the following definite q-integrals to prove our results.
Lemma 3.
[16] Let 0 < q < 1, the following hold
In what follows we introduce q-partial derivatives and definite q-integrals for functions of two variables.
2 → R be a continuous function of two variables and 0 < q 1 < 1, 0 < q 2 < 1, the partial q 1 -derivatives, q 2 -derivatives and
and
We can similarly define higher order partial derivatives.
From (2.5), we also note that
The following theorems hold for definite q 1 q 2 -double integrals.
Proof. (1) By Definition 5 and the definition of partial q 1 q 2 -derivatives, we have
(2) By the definition of partial q 1 q 2 -derivatives and Definition 5, we have
(3) By using (2.5) and applying the result (2), we obtain
The following integration by parts formula for interated q 1 q 2 -double integrals holds:
Proof. The proof of (1) and (2) follows by definition of definite q 1 q 2 -double integrals. (3) By applying (3) of Theorem 2, we have
which is the expected result.
Main Results
In this section, we first prove Hermite-Hadamard type inequality for functions of two variable which are convex on the co-ordinates on [ 
We recall the following definition before proving our main results.
A different approach of stating convexity of f on co-ordinates on
Another way of expressing the concept of co-ordinated quasi-convex functions is stated in the definition below.
The q 1 -integration with respect to t over [0, 1], q 2 -integration with respect to y over [c, d] on both sides of the above inequality and by the change of variables, gives
The q 1 -integration with respect to x over [a, b], q 2 -integration with respect to s over [0, 1] on both sides of the above inequality and by the change of variables, gives
Adding (3.1) and (3.2) and dividing both sides by 2, we get
Consider now
The q 2 -integration with respect to s over [0, 1], yields
Addition of (3.4) and (3.5), gives
We also observe that
and (3.8)
Adding (3.7) and (3.8) and multiplying the resulting inequality by
Lastly, we have (3.10) 
where all the sums are assumed to be finite.
Applying the Young's inequality
and thus the proof follows. 
Proof. By the definition of q 1 q 2 -integral and applying Theorem 6, we have 
Proof. By the definition of partial q 1 q 2 -derivatives and definite q 1 q 2 -integrals, we have (3.13)
We observe that (3.14)
Using (3.14)-(3.26) in (3.13) and simplifying, we get (3.27)
Multiplying both sides of (3.27) by
(1+q1)(1+q2) , we get the desired equality.
From Lemma 3, we observe that By using the values of the above q 1 q 2 -integrals, we get the required inequality. ) .
Consider the second q 2 -integral from (3.32) and making use of the substitution 1 − (1 + q 1 ) t = s, we get (1 + q 1 )
) .
Substitution of (3.33) and (3.34) in (3.32) gives 
